The heating of charged particles by a linearly polarized and obliquely propagating shear Alfvén wave ͑SAW͒ at frequencies a fraction of the charged particle cyclotron frequency is demonstrated both analytically and numerically. Applying Lie perturbation theory, with the wave amplitude as the perturbation parameter, the resonance conditions in the laboratory frame are systematically derived. At the lowest order, one recovers the well-known linear cyclotron resonance condition k ʈ v ʈ − − n⍀ = 0, where v ʈ is the particle velocity parallel to the background magnetic field, k ʈ is the parallel wave number, is the wave frequency, ⍀ is the gyrofrequency, and n is any integer. At higher orders, however, one discovers a novel nonlinear cyclotron resonance condition given by k ʈ v ʈ − − n⍀ / 2 = 0. Analytical predictions on the locations of fixed points, widths of resonances, and resonance overlapping criteria for global stochasticity are also found to agree with those given by computed Poincaré surfaces of section.
I. INTRODUCTION
The Alfvén wave is a fundamental electromagnetic oscillation in magnetically confined plasmas. Alfvén waves can be either excited spontaneously by instabilities or driven by external sources and have been observed or predicted to be present in diverse plasmas with parameters relevant to laboratory, space, and astrophysical environments. It is also believed that Alfvén waves play a crucial role in the heating of bulk plasmas in both magnetic fusion devices and the solar corona. 1 Mechanisms responsible for resonance heating by Alfvén-cyclotron waves have been widely discussed by many authors. [2] [3] [4] [5] These works, both theoretical and experimental investigations, have been concerned with the primary cyclotron resonance heating where the applied wave frequency is comparable to integral multiples of the cyclotron frequency. However, as pointed out by Chen et al. 6, 7 mainly via numerical simulation, sufficiently large amplitude waves break the magnetic moment invariant even at frequencies a fraction of the cyclotron frequency and hence low-frequency wave heating is possible. There is also experimental evidence suggesting ion heating by low-frequency Shear Alfvén Waves ͑SAWs͒. [8] [9] [10] In 2001, Gates et al. observed stochastic ion heating with large amplitude fast waves at frequencies a fraction of the cyclotron frequency on the Princeton National Spherical Torus eXperiment ͑NSTX͒ device. Recently, Zhang and his collaborators 8 have also observed efficient Alfvén wave induced plasma heating in the LArge Plasma Device ͑LAPD͒ with frequencies ranging from 50 to 320 kHz well below the ion cyclotron frequency ͑500 kHz͒ of their experiment. Satellite observations, 11, 12 meanwhile, have demonstrated the existence of Alfvén waves with amplitudes ␦B W comparable to the background field B 0 , ␦B W / B 0 ϳ 0.3-0.5, in space plasmas. The primary motivation of the present work is to develop an analytical understanding of the detailed mechanism of charged particle heating by finite-amplitude low-frequency Alfven waves.
Previous studies, based on numerical observations, have argued that sub-cyclotron heating is due to stochastic motions of ions. 6, 7, 9, 13 In the present paper, we will show that applying the technique of Hamiltonian Lie perturbation analysis can lead to a deeper understanding of the globally stochastic motion. More specifically, it can be demonstrated that resonances exist even at sub-cyclotron frequencies and the global stochasticity occurs when every cyclotron resonance including those at sub-cyclotron frequencies start to overlap with their corresponding neighboring resonances. Such global stochasticity then results in the heating of charged particles. We adopt a test-particle approach, i.e., we assume the wave fields are given and do not evolve in time. The interactions between the wave and plasma are then studied in terms of the motion of a single charged particle, e.g., an ion, in the given wave fields and a uniform background magnetic field.
The paper is organized as follows. In Sec. II, we present the theoretical model and derive the corresponding Hamiltonian of a single charged particle. An analytical treatment of the Hamiltonian dynamics using the Lie perturbation method to the first and second orders is then presented. Section III contains numerical results of surface-of-section plots, which agree well with analytical predictions. In Sec. IV, we summarize our results and present ideas for future development.
II. THEORETICAL ANALYSIS

A. Theoretical model and formulation
Let us consider the charged particle dynamics due to a single linearly polarized shear Alfvén wave in a uniform plasma confined by a constant magnetic field B 0 = B 0 ẑ. In the laboratory frame, the SAW perturbations are given by
where ⌿ = k · X − t is the phase angle and = k z v A is taken to satisfy the linear SAW dispersion relation. Transforming to the wave frame x = X − v A tẑ, E W can be readily removed and the corresponding Hamiltonian becomes
where the vector potential A is given by
Here, we do not choose the standard Coulomb gauge as it complicates the calculation unnecessarily. Note that in the wave frame, the Hamiltonian H is constant. We normalize time to the cyclotron period 1 / ⍀ = m / qB 0 , the magnetic field to B 0 , length to the parallel wavelength 1 / k z , and introduce ␣ = k x / k z to denote the perpendicular wave number. Thus, the corresponding dimensionless Hamiltonian in the wave frame becomes
Here, ⑀ = B W / B 0 denotes the wave perturbation amplitude and will be used as the expansion parameter in the present analysis. Next, following the standard procedure, 2 we perform the canonical guiding center transformation to decouple the guiding center and cyclotron motions. Specifically, the old coordinates may be transformed to the new guiding-center coordinates through the canonical transformation given by
where ͑X , Y , Z͒ are the guiding center positions, ͱ 2J is the gyroradius, is the gyrophase angle, and it is easy to show the Poisson brackets of the phase-space coordinates satisfy
where ͓Q , P͔ represents any of the canonically conjugate sets ͓X , Y͔, ͓ , J͔, or ͓Z , P z ͔. The new Hamiltonian then becomes
where we have, without loss of generality, redefined Z to absorb ␣X, which is a constant since H g is independent of its conjugate momentum Y. Thus, the system has only two degrees of freedom ͑Z , P z ͒ and ͑ , J͒. H g , as given by Eq. ͑7͒, is in the desirable form of an expansion series in ⑀, i.e.,
The nonlinearity in H g arises from the fact that the phase of the wave depends not only on the guiding center position but also on the gyrophase angle. Like Karney did for the lower-hybrid wave, 4 we can interpret the Hamiltonian as describing a pair of harmonic oscillators, the cyclotron motion ͑ , J͒ and the parallel motion ͑Z , P z ͒, coupled through the order ⑀ and ⑀ 2 perturbation terms. In the following, we shall adopt the powerful Lie perturbation method 14 in order to investigate the detailed resonance structure and particle dynamics. The generators of the symplectic transformation will be denoted as W n , and the associated Lie operators as L n = ͓W n , ͔. In the present work, we will carry out the perturbation analysis to the first and second order, 15 and demonstrate that the corresponding resonances have different behaviors and physical meanings.
B. First-order Lie perturbation
At the first-order Lie perturbation, the Hamiltonian becomes
Choosing the generator W 1 ͑ , Z , J , P z ͒ to remove the perturbation term, we have
that is,
where the standard Bessel function identities have been used. 16 The generator W 1 can then be readily solved as
indicates singularities when P z = n, with n being any integer. In the laboratory frame, this corresponds to the well known linear cyclotron resonance condition − k z v z + n⍀ = 0. To examine further the structures at a particular resonance P z = N, we remove the resonance term from W 1 in order to avoid the singularity. Using this modified generator W 1 , the Hamiltonian in the transformed coordinates becomes, to first order,
which contains the noted P z = N resonance. To examine dynamics near the resonance, we further transform to the rotat-ing frame ͑z − N͒ ⇒ − 1 , using the type-2 generating function
The Hamiltonian then becomes
͑14͒
where I 2 is constant because the Hamiltonian Ĥ ͑1͒ is independent of its conjugate coordinate 2 . The motion with one degree of freedom, I 1 − 1 , is completely integrable. The fixed points are then, accurate to o͑⑀͒, determined by 1 = Ϯ / 2 and I 1 =−N − I 2 . The stable fixed point is at 1 = / 2. The separatrix orbit defines a boundary between wave trapped particles and circulating particles. It generates a chain of islands with period 2 on the ͑ 1 − I 1 ͒ plane.
Noting that the excursion in 1 is one order lower than I 1 within each island, we can expand the Hamiltonian about the fixed points in I 1 and obtain the following pendulum-like Hamiltonian:
͑15͒
The corresponding half island width is, thus, given by
͑16͒
To compare with numerical plots in the next section, we will, using Eq. ͑13͒, present the results in ͑z , P z ͒ coordinates. The fixed points, on the P z − z plane, are located at z = Ϯ / 2 and P z0 = N by taking = 0, and the half island width satisfies ⌬P z N = ⌬I 1 N . We note here that, for the Landau resonance at P z = N = 0, the order-⑀ resonance term vanishes in the Hamiltonian, Eq. ͑14͒, and therefore the first-order perturbation analysis shows zero island width. In fact, as will be shown later, this resonance can only be properly described by higher-order perturbation theory.
C. Second-order Lie perturbation
Extending the Lie perturbation analysis to the second order is straightforward. Away from the first-order resonance, W 1 contains no singularity, and the new Hamiltonian to o͑⑀ 2 ͒ becomes
Here, the second-order perturbation contains two parts: H 2 , which is the quadratic term from the original Hamiltonian, and ͑1 / 2͒L W 1 H 1 generated by the previous Lie transform which removed the order ⑀ terms. Expanding H 2 again in Bessel functions and performing the Poisson bracket ͓W 1 , H 1 ͔, the terms involved in the second-order perturbation of H g Ј can be written as
A m,n cos͑2z − ͑n + m͒͒
where
Note here that A m,n = B m,n = 0 for either m =0 or n = 0. 
The terms where m = n in the second summation, being only functions of ͑J , P z ͒, do not create resonant islands and can be omitted from the desired transformation, leaving behind terms that do not prohibit integrability. W 2 can then be readily solved and is given by
The above Eq. ͑22͒ clearly indicates the existence of new second-order cyclotron resonances at 2P z = m + n = N with N being an integer or, in the laboratory frame,
Similar to the first-order perturbation analysis, we can
examine the dynamics around a particular second-order cyclotron resonance by removing its corresponding secular terms in W 2 . The corresponding resonance Hamiltonian can then be obtained as
͑24͒
We again transform to the rotating frame N −2z ⇒ 1 via the generating function F 2 ͑ , z , Ĵ 1 , Ĵ 2 ͒ =−͑2z − N͒Ĵ 1 − zĴ 2 , such that
The new Hamiltonian then becomes
Noting the momentum Ĵ 2 is conserved, the Hamiltonian, Eq. ͑27͒, therefore describes an integrable system for the motion with only one degree of freedom, Ĵ 1 − 1 . The fixed points, accurate to o͑⑀ 2 ͒, are then located at 10 =0, Ϯ, and J 10 =−͑N +2Ĵ 2 ͒ / 4, among which the one at 10 = 0 is unstable. A new chain of islands is then presented. Again, similar to the first-order perturbation analysis, we expand the above Hamiltonian about fixed points in Ĵ 1 and obtain the following pendulum-like Hamiltonian:
The corresponding half second-order island width, thus, is given by
͑29͒
Note that the second-order island width scales with the perturbation amplitude ⑀, in contrast to the first-order perturbation analysis where the island width scales with ͱ ⑀. 
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In terms of the ͑z , P z ͒ coordinates on which the numerical results are presented, the fixed points, according to Eq. ͑26͒, are located at z =0, Ϯ / 2, and P z0 = N / 2 by choosing = 0. The half island width is then given by
Note that the second-order perturbation also gives a nontrivial resonance at P z = N =0 or = k z v z in the laboratory frame. From Eq. ͑18͒, we realize, when N = 0, only the quadratic term H 2 contributes to the Landau resonance while
It is different from the sub-cyclotron resonance, where both H 2 and L W 1 H 1 play important roles. The physical origin of this Landau resonance is due to the compressional magnetic "mirror force" ٌB W 2 , which enters in the second-order perturbation, H 2 , in the Hamiltonian given by Eq. ͑7͒.
III. NUMERICAL RESULTS AND COMPARISON WITH ANALYTICAL RESULTS
From the wave-frame Hamiltonian, Eq. ͑4͒, we derive the following equations of motion for numerical calculations:
In order to study the resonance structure, we plot the Poincaré surface of section using ͑P z , z͒, generated by integrating Eq. ͑31͒ and recording points when the orbit crosses the surface of section, x = 0 and v x Ͼ 0. The dynamical state of our system is determined by the initial condition and three parameters: ͑1͒ the wave amplitude ⑀; ͑2͒ the direction of the wave vector ␣; and ͑3͒ the particle's total energy E, which is exactly the value of the Hamiltonian of Eq. ͑4͒ and is conserved in the wave frame. However, for simplicity, the perpendicular kinetic energy J is approximated by E − P z 2 / 2 after choosing a certain canonical momentum P z . For initially cold particle distributions in the laboratory frame, one can readily show that, in the wave frame, Figure 1͑a͒ presents the Poincaré plots for the parameters: ⑀ = 0.1, ␣ = k x / k z = 1, and E = 0.51. Note that since E Ӎ P z 2 / 2 for v Ќ 2 Ӎ 0 cold particles, the chosen parameters would thus allow primary resonances at P z = Ϯ 1 as well as secondary resonances at P z = 0 and Ϯ0.5, as clearly can be observed in Fig. 1͑a͒. Figure 1͑b͒ corresponds to ⑀ = 0.2, ␣ = 1, and a lower E = 0.25. As expected, since ͉P z ͉ ഛ 1 / ͱ 2 Ͻ 1, while the second-order resonances at P z = 0 and Ϯ0.5 remain, the primary resonances at P z = Ϯ 1 are excluded. Both Figs. 1͑a͒ and 1͑b͒ also exhibit significant third-order resonances near P z = N / 3 with N being an integer. As the perturbation amplitude ⑀ increases in Figs. 1͑c͒ and 1͑d͒ , stochasticity sets in via overlapping of the primary and high-FIG. 2. The half island width ⌬P z and resonance overlapping vs the perturbation amplitude ⑀ for k x / k z =1. ͑a͒ and ͑b͒ E = 0.51; ͑c͒ and ͑d͒ E = 0.25. Log-log plot is used in ͑a͒ to exhibit all three resonances. In ͑b͒ and ͑d͒, *'s are the numerically determined stochasticity thresholds, while ᮀ's and छ's correspond to those determined by the analytically derived island-overlapping criteria.
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In Fig. 2͑a͒ , we present the results of the resonant island width ⌬P z versus the wave amplitude ⑀ for ␣ = 1 and E = 0.51, which demonstrates excellent agreement with analytical predictions for both the primary P z = 1 and secondorder P z = 0 and 0.5 resonances. Figure 2͑b͒ tests the onset of stochasticity versus the corresponding island overlapping criterion. It shows the overlapping of the P z = 1 primary and P z = 0.5 second-order islands at ⑀ = 0.4 is closest to the numerically determined threshold at ⑀ = 0.32. Correspondingly, Fig. 2͑c͒ is similar to Fig. 2͑a͒ in that the resonant island width, computed analytically and numerically, is plotted as a function of ⑀, but for lower total energy ͑E = 0.25͒ so that the primary resonance is missing. While in Fig. 2͑d͒ , the overlapping of the P z = 0.5 sub-cyclotron and P z = 0 Landau resonant islands at ⑀ = 0.6 gives a much larger estimation than the numerically observed stochasticity threshold ⑀ = 0.38. The discrepancy can be greatly reduced by introducing the numerically measured third-order P z =1/ 3 island width. The overlapping threshold is then lowered to ⑀ = 0.4. This demonstrates that higher-order resonances play a more important role as the particle's energy E decreases; or equivalently, as the SAW frequency decreases. Stochasticity of the test particle motion, as exhibited in the Poincaré section, should lead to efficient plasma heating. In the wave frame, a particle with P z Ӎ − / ⍀, J Ӎ 0 may stochastically increase its perpendicular energy up to J Ӎ 0.5͑ / ⍀͒ 2 . Since the total energy is conserved, the ratio of the parallel energy to perpendicular energy changes via pitch angle scattering. Meanwhile, in the laboratory frame, the initially cold charged particle can gain total energy up to ͑ / ⍀͒ 2 from the SAW; leading to efficient heating of plasma. Figure 3 shows the dependence of the various island widths, ⌬P z , on the total energy E for ⑀ = 0.01, ␣ = 1 and 2, while Fig. 4 shows the corresponding dependence on the perpendicular wave number ␣ = k x / k z for ⑀ = 0.01, E = 0.5 and 0.25 due to the "finite gyroradius effect". The oscillatory behaviors can be explained in terms of the Bessel functions in the expressions of the island widths given by Eqs. ͑16͒ and ͑30͒ along with Eqs. ͑25͒ and ͑29͒, noting that the Bessel   FIG. 3 . The half island width ⌬P z oscillates with energy E via Bessel functions for ⑀ = 0.01, ͑a͒ k x / k z = 1, and ͑b͒ k x / k z = 2, according to the analytical result, Eqs. ͑16͒ and ͑30͒. The oscillation is due to the finite gyroradius effect .   FIG. 4 . The dependence of the half island width ⌬P z on k x for energy ͑a͒ E = 0.5 and ͑b͒ E = 0.25, according to the analytical result, Eqs. ͑16͒ and ͑30͒. When k x = 0, the resonance at P z = 0.5 vanishes, but remains finite at P z =0,1.
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Guo, Crabtree, and Chen Phys. Plasmas 15, 032311 ͑2008͒ Fig. 4 , as k x approaches zero, i.e., the SAW becomes purely parallelly propagating, the P z =1/ 2 sub-cyclotron resonance vanishes while the primary P z = Ϯ 1 and the Landau P z = 0 resonances still remain finite. This can be seen in Eq. ͑22͒, where the resonances vanish in the limit that ␣ goes to zero since J n 0 → 0. Physically, this is due to the fact that the P z =1/ 2 sub-cyclotron resonance relies on the nonlinearity parameter k ជ · X g ជ with X g ជ being the wave-induced guiding-center curvature drift. 6 In the present case, X g ជ corresponds to
Therefore, k x = 0 implies no P z =1/ 2 second-order resonance. Figure 5͑a͒ shows the dependence of the numerically determined stochasticity threshold on ␣ = k x / k z for E = 0.25 and 0.5. We can see that for a purely parallel propagating ͑␣ =0͒ and linearly polarized wave, the stochastic heating still occurs even when E Ͻ 0.5. Although, in this case, both the primary resonance and second-order resonance P z = 0.5 do not exist, a fourth-order resonance P z = N / 4 takes over at P z = 0.5 with N being 2 and contributes to the overlapping with the Landau resonance P z = 0 that remains finite. In this case, however, we have found that the stochasticity depends on the polarization of SAW. If the wave is circularly polarized, the Landau resonance will also disappear since ͉B͉ = const and there is no mirror force to trap the particle. In fact, it is straightforward to analytically prove that the corresponding particle's motion becomes completely integrable and, therefore, no stochasticity will occur. Figure 5͑b͒ shows the numerically determined stochasticity threshold versus / ⍀ for two different propagating directions k x / k z = 1 and 2. Again, we have chosen initially cold particles with E = ͑ / ⍀͒ 2 / 2 in the wave frame. Note that while the threshold B W / B 0 is typically in the range between 0.3 and 1, it does increase exponentially as the frequency decreases below / ⍀ Ϸ 0.2. This must indicate the existence of an adiabatic invariant, the magnetic moment , at extremely low frequencies, which is broken in our present investigations pertinent to finite / ⍀.
IV. SUMMARY
In the present work, we have applied the Hamiltonian Lie perturbation method and analytically investigated the charged test particle dynamics in a single shear Alfvén wave at frequencies a fraction of the cyclotron frequency. By systematically expanding in terms of the wave amplitude, we have demonstrated the existence of not only the well-known primary cyclotron resonance but also nonlinear higher-order cyclotron resonances at the sub-cyclotron frequencies. Both analytical results and numerical investigations have also exhibited the transition to stochasticity via the well-known route of the overlapping of the primary and/or higher-order phase-space islands. Threshold amplitudes predicted analytically for stochastic heating are found to agree well with those computed numerically.
While the present work only deals with the shear Alfvén wave, similar properties such as nonlinear cyclotron resonances and overlapping of higher-order phase-space islands leading to stochastic heating could be expected for finiteamplitude fast compressional Alfvén waves often employed in the laboratory fusion experiments. 9, 10 It will, however, still be interesting to extend the present analysis to those of fast waves. Finally, we note that, as the wave frequency becomes very low compared with the cyclotron frequency, the present approach becomes prohibitively tedious in order to keep very high-order nonlinear cyclotron resonances, thus a new theoretical approach will be necessary. This issue will be further addressed in a future work. 
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